Starting from the recently obtained 2PN accurate forms of the energy and angular momentum fluxes from inspiralling compact binaries, we deduce the gravitational radiation reaction to 2PN order beyond the quadrupole approximation -4.5PN terms in the equation of motion -using the refined balance method proposed by Iyer and Will. We explore critically the features of their construction and illustrate them by contrast to other possible variants. The equations of motion are valid for general binary orbits and for a class of coordinate gauges. The limiting cases of circular orbits and radial infall are also discussed.
I. INTRODUCTION
Inspiralling compact binaries are the most promising sources of gravitational radiation in the near future for ground-based laser interferometric detectors like LIGO [1] , VIRGO [2] , GEO600 [3] and TAMA [4] . The method of matched filtering will be employed to search for the inspiral waveforms and extract the information they carry [5, 6] . For this method to be successful, one needs to use templates that are extremely accurate in their description of the evolution of the orbital phase, which in turn requires a detailed understanding of how radiation damping (reaction) influences orbital evolution [7] [8] [9] [10] .
The idea of a damping force associated with an interaction that propagates with a finite velocity was first discussed in the context of electromagnetism by Lorentz [11] . He obtained it by a direct calculation of the total force acting on a small extended particle due to its selffield. The answer was incorrect by a numerical factor and the correct result was first obtained by Planck [12] using a 'heuristic' argument based on energy balance which prompted Lorentz [13] to re-examine his self-field calculations and confirm Planck's result,
where v i is the velocity of the particle. The relativistic generalization of the radiation reaction by Abraham [14] based on arguments of energy and linear momentum balance preceded by a few years the direct relativistic self-field calculation by Schott [15] and illustrates the utility of this heuristic, albeit less rigorous, approach [16] . The argument based on energy balance proceeds thus: A non-accelerated particle does not radiate and satisfies Newton's (conservative) equation of motion. If it is accelerated, it radiates, loses energy and this implies damping terms in the equation of motion. Equating the work done by the reactive force on the particle in a unit time interval to the negative of the energy radiated by the accelerated particle in that interval (Larmor's formula) the reactive acceleration is determined and one is led to the Abraham-Lorentz equation of motion for the charged particle. The direct method of obtaining radiation damping, on the other hand, is based on the evaluation of the self-force. Starting with the momentum conservation law for the electromagnetic fields one rewrites this as Newton's equation of motion by decomposing the electromagnetic fields into an 'external field' and a 'self-field'. Expanding the self-field in terms of potentials, solving for them in terms of retarded fields and finally making a retardation expansion, one obtains the required equation of motion when one goes to the point particle limit [17] .
As in the electromagnetic case, the approach to gravitational radiation damping has been based on the balance methods, the reaction potential or a full iteration of Einstein's equation. The first computation in general relativity was by Einstein [18] who derived the loss in energy of a spinning rod by a far-zone energy flux computation. The same was derived by Eddington [19] by a direct near-zone radiation damping approach. He also pointed out that the physical mechanism causing damping was the effect discussed by Laplace [20] , that if gravity was not propagated instantaneously, reactive forces could result. An useful development was the introduction of the radiation reaction potential by Burke [21] and Thorne [22] using the method of matched asymptotic expansions. In this approach, one derives the equation of motion by constructing an outgoing wave solution of Einstein's equation in some convenient gauge and then matching it to the near-zone solution. Restricting attention only to lowest order Newtonian terms and terms sensitive to the outgoing (ingoing) boundary conditions and neglecting all other terms, one obtains the required result. The first complete direct calculationà la Lorentz of the gravitational radiation reaction force was by Chandrasekhar and Esposito [23] . Chandrasekhar and collaborators [24, 25] developed a systematic post-Newtonian expansion for extended perfect fluid systems and put together correctly the necessary elements like the Landau-Lifshiftz pseudotensor, the retarded potentials and the near-zone expansion. These works established the balance equations to Newtonian order, albeit for weakly self-gravitating fluid systems. The revival of interest in these issues following the discovery of the binary pulsar and the applicability of these very equations to binary systems of compact objects follows from the works of Damour [16, 26] and Damour and Deruelle [27] .
In the context of the binary pulsar timing, the accuracy reached by the Newtonian balance equations is amply adequate. The case of inspiralling binaries as sources for the interferometric gravitational wave detectors is very different. The extremely high phasing accuracy requirement makes mandatory the control of reactive terms way beyond the Newtonian. This has prompted on the one hand, work on generation aspects to compute the far-zone flux of energy and angular momentum carried by gravitational waves and on the other, work on the radiation reaction aspects to compute the effect on the orbital motion of the emission of gravitational radiation. As in the electromagnetic case, the computation of the reactive acceleration assuming balance equations is simpler than the computation of the damping terms by a direct near-field iteration. The computation of the energy and angular momentum fluxes at the lowest Newtonian order (quadrupole equation) requires the equation of motion at only Newtonian order. Assuming the balance equations one can infer the lowest order (2.5PN) radiation damping whose direct computation, as mentioned before, requires a 2.5PN iteration of the near-zone equations. Similarly, the computation of the 1PN corrections to the lowest order quadrupole luminosity requires the 1PN accurate equations of motion, but is potentially equivalent to the 3.5PN terms in the equation of motion. This motivated Iyer and Will( IW ) [28, 29] to propose a refinement of the text-book [30] treatment of the energy balance method used to discuss radiation damping. This generalization uses both energy and angular momentum balance to deduce the radiation reaction force for a binary system made of nonspinning structureless particles moving on general orbits. Starting from the 1PN conserved dynamics of the two-body system, and the radiated energy and angular momentum in the gravitational waves, and taking into account the arbitrariness of the 'balance' upto total time derivatives, they determined the 2.5PN and 3.5PN terms in the equations of motion of the binary system. The part not fixed by the balance equations was identified with the freedom still residing in the choice of the coordinate system at that order. Thus, starting from the far-zone flux formulas, one deduces a formula that is suitable for evolving general orbits of compact binaries of arbitrary mass ratio and that includes 1PN corrections to the dominant Newtonian radiation reaction terms. Blanchet [31, 32] , on the other hand, obtained the post-Newtonian corrections to the radiation reaction force from first principles using a combination of post-Minkowskian, multipolar and post-Newtonian schemes together with techniques of analytic continuation and asymptotic matching. By looking at "antisymmetric" waves -a solution of the d'Alembertian equation composed of retarded wave minus advanced wave, regular all over the source -and matching, one obtains a radiation reaction tensor potential that generalizes the Burke-Thorne reaction potential [33] , in terms of explicit integrals over matter fields in the source. The validity of the balance equations upto 1.5PN is also proved. By specializing this potential to two-body sytems, Iyer and Will [29] checked that this solution indeed corresponds to a unique and consistent choice of coordinate system. This provides a delicate and non-trivial check on the validity of the 1PN reaction potentials and the overall consistency of the direct methods based on iteration of the near-field equations and indirect methods based on energy and angular momentum balance.
As emphasized earlier, much better approximations are needed to reach the precision of future gravitational-wave astronomy [7] . In the limit where one mass is much smaller than the other, numerical and analytical computations based on black hole perturbation theory have been performed to the 5.5PN order [34] [35] [36] [37] [38] [39] , a recent result being the analytical expression to 5.5PN order for the energy flux from a test particle moving in a circular orbit around a Schwarzschild black hole [39] . Ryan [40, 41] has investigated the effect of gravitational radiation reaction, first on circular, and later even for non-equatorial orbits around a spinning black hole. Recently Mino, Sasaki and Tanaka [42] have derived the leading order correction to the equation of motion of a particle which presumably describes the effect of gravitational radiation reaction by two methods: an extension of the DewittBrehme formalism and the method of asymptotic matching.
On the other hand, for bodies of comparable masses, recently two independent teams [43] [44] [45] [46] [47] have derived the 2PN accurate gravitational waveform and the associated energy and angular momentum fluxes for inspiralling compact binaries through 2PN order by two independent methods: the BDI approach based on a mixed multipolar post-Minkowskian and post-Newtonian framework together with asymptotic matching and analytic continuation [48] and the recently improved Epstein-Wagoner (EW) [49] formalism by Will and Wiseman [46] which provides a method to carefully handle the divergences of the older EW treatment. In view of the above discussion it is natural to investigate the possibility of extending the treatment of Iyer and Will to 2PN accuracy beyond the Newtonian (2.5PN) radiation reaction and this is what we propose to take up in this paper. The knowledge of the reactive acceleration beyond the lowest order could also have practical uses. For instance, Lincoln and Will [50] have studied the late-time orbital evolution of compact binaries with arbitrary mass ratios. They described the orbit using the osculating orbital elements of celestial mechanics and used the Damour-Deruelle two-body equations of motion including Newtonian radiation reaction terms [27, 16] to evolve these orbital elements. The extension of this work to include 1PN radiation reaction is still not available. Recently, a 2PN accurate description for the motion of spinning compact binaries of arbitrary mass ratio was obtained in a generalized quasi-Keplerian parameterization initially suggested by Damour and Schäfer [51] [52] [53] [54] . These orbital elements have also not been evolved to 2PN radiation reaction order. Our present computation is a step in that direction. These attempts to study the evolution of binary orbits would be complementary to those using the test particle limit [40, 41] .
To summarise: Starting from 2PN accurate energy and angular momentum fluxes for compact binaries of arbitrary mass ratio moving in quasi-elliptical orbits [47, 46] , we obtain the 4.5PN reactive terms in the equations of motion by an extension of the IW method. Schematically, the equations of motion for spinless bodies of arbitrary mass ratio are
where x and r = |x| denote the separation vector and distance between the bodies, and m = m 1 + m 2 denotes the total mass. The quantity ǫ is a small expansion parameter that
, where v and r are the orbital velocity and separation of the binary system. The symbols O(ǫ) and O(ǫ 2 ) represent post-Newtonian (PN), post-postNewtonian (2PN) corrections and so on. Gravitational radiation reaction first appears at O(ǫ 2.5 ) beyond Newtonian gravitation, or at 2.5PN order. We call this the "Newtonian" radiation reaction. "Post-Newtonian" radiation reaction terms, at O(ǫ 3.5 ), were obtained by Iyer and Will [28, 29] and Blanchet [31, 32] . Here we obtain the 2PN radiation reaction, at O(ǫ 4.5 ). The 4.5PN reactive terms are determined in terms of twelve arbitrary parameters, which along the lines of [28, 29] , are associated with the possible residual 'gauge' choice at the 4.5PN order. These results valid for general orbits are specialized to the two complementary cases of circular orbits and radial infall. The expressions forṙ andω for the quasi-circular orbits andż for radial infall to 4.5PN order are in agreement with [43, 55] as required. We next examine critically the origin of the 'redundant' equations in the formalism and examine our understanding of this redundancy by exploring variant schemes which differ from the original IW scheme in their choice of the functional forms for the arbitrary terms in energy and angular momentum.
The paper is organized as follows. In section II, we describe the IW method to obtain the 2PN reactive terms. Section III examines the question of redundant equations and explores 'variants' of the original IW scheme that differ in their choice of the ambiguities in energy and angular momentum. Section IV discusses the question of the undetermined parameters and arbitrariness in the choice of the gauge, in particular at 4.5PN order. Section V is devoted to the particular cases of quasi-circular orbits and head-on infall. Section VI contains some concluding remarks. In the appendix, for mathematical completeness, we prove that the far-zone flux formulae and the balance equations admit more general solutions if one relaxes the requirement that the reactive acceleration be a power series in the individual masses of the binary or, equivalently, that it be nonlinear in the total mass.
II. IW METHOD FOR REACTIVE TERMS IN THE EQUATIONS OF MOTION

A. The Procedure
We consider only two-body systems containing objects that are sufficiently small that finite-size effects, such as spin-orbit, spin-spin, or tidal interactions can be ignored. The dynamics of such systems is well studied and the two-body equations of motion conveniently cast into a relative one-body equation of motion is given by :
where the subscripts denote the nature of the term, post-Newtonian (PN), post-postNewtonian (2PN), Newtonian radiation reaction (RR), post-Newtonian radiation reaction (1RR), 2PN radiation reaction (2RR), tail radiation reaction and so on; and the superscripts denote the order in ǫ. For our purpose we need to know explicitly the acceleration terms through 2PN order and they are given by [27, 56, 50] (G = c = 1)
where µ ≡ m 1 m 2 /m is the reduced mass, with η = µ/m, and n = x/r. The n.5PN reactive accelerations are determined by following the 'What else can it be ?' procedure employed in IW which we summarise here. One writes down a general form for the Newtonian (ǫ 2.5 ), 1PN (ǫ 3.5 ) and 2PN (ǫ 4.5 ) radiation-reaction terms in the equations of motion for two bodies, ignoring tidal and spin effects. For the relative acceleration a ≡ a 1 − a 2 , one assumes the provisional form
3)
The form of Eq. (2.3) is dictated by the fact that it must be a correction to the Newtonian acceleration (i.e., be proportional to m/r 2 ), must vanish in the test body limit when gravitational radiation vanishes (i.e., be proportional to η), must be dissipative, or odd in velocities (i.e., contain the factorsṙ, n and v linearly) and finally, must be related to the emission of gravitational radiation or be nonlinear in Newton's constant G (i.e., contain another factor m/r). The last condition may be more precisely stated by requiring that the reactive acceleration be a power series in the individual masses m 1 and m 2 [57] . For spinless, structureless bodies, the acceleration must lie in the orbital plane (i.e., depend only on the vectors n and v). 3 to which we assign 20 "2PN RR" parameters. The 6 Newtonian RR and 12 post-Newtonian RR parameters were first determined in IW [28, 29] . This solution has been checked and reproduced in the preliminary part of this investigation and constitutes an input to supplement the conservative acceleration terms in Eq. (2.3) for the present study. Our aim is to evaluate these 20 parameters appearing in A 4.5 and B 4.5 that will determine the 2PN radiation reaction. It is worth pointing out that in the calculation we are setting up, the terms in the equations of motion of O(ǫ 3 ) and O(ǫ 4 ) beyond Newtonian order do not play any role. The former is non-dissipative but not yet computed; the latter on the other hand includes dissipative parts due to the 'tail' effects [58] [59] [60] [61] which have been separately balanced by the tail luminosity in the works of Blanchet and Damour [58, 32] . However all the radiation reaction results will remain as 'partial results' in the saga of equations of motion until a complete treatmentà la Chandrasekhar [23] and Damour [16] is available through 3PN order and later through 4PN order.
Through 2PN order, the equations of motion can be derived from a generalized Lagrangian that depends not only on positions and velocities but also on accelerations. To this order, that is in the absence of radiation reaction, the Lagrangian leads to a conserved energy and angular momentum given by [27, 56, 62] 
where
5a)
5b)
and where
Through 2PN order, the orbital energy and angular momentum per unit reduced mass,
, are constant, and correspond to asymptotically measured quantities. However, the radiation reaction terms lead to non-vanishing expressions for dẼ/dt and dJ/dt containing the 20 undetermined parameters. Following IW, starting from the 2PN-conserved expressions forẼ andJ we calculate dẼ/dt and dJ/dt using the 2PN two-body equations of motion [27, 56, 50] supplemented by the radiation-reaction terms of Eq. (2.3). In the balance approach, this time variation of the 'conserved' quantities is equated to the negative of the flux of energy and angular momentum carried by the gravitational waves to the far-zone. Thus in addition to the EOM and conserved quantities we need the 2PN accurate expressions for the far-zone fluxes of energy and angular momentum for a system of two particles moving on general quasi-elliptic orbits. The waveform, energy and angular momentum flux have been computed by Gopakumar and Iyer [47] using the BDI [48, 45] formalism, and independently the waveform and energy flux by Will and Wiseman [46] using their new improved version of the EW [49] formalism. We quote below the final results for the fluxes per unit reduced mass:
7e)
In the above expressionsL N = L N /µ and the tail terms are not listed. It is important to emphasize that the 'tail' contribution to the reaction force is such that the balance equation for energy is verified for the tail luminosity [58, 32] . This corresponds to the 'tail' acceleration at 4PN. With this part independently accounted for, in our analysis we focus on the 'instantaneous' terms without loss of generality. It is worth recalling that the 'balance' one sets up in the above treatment is always modulo total time derivatives of the variables involved. This is crucial to realize and in IW this was systematically accounted for by noting that at orders of approximation beyond those at which they are strictly conserved (and thus well defined),Ẽ andJ are ambiguous upto such terms. Consequently, we have the freedom to add toẼ andJ arbitrary terms of order ǫ 2.5 , ǫ 3.5 , and ǫ 4.5 beyond the Newtonian expressions without affecting their conservation at 2PN order. There are three such terms of the appropriate general form at O(ǫ 2.5 ) in each ofẼ andJ, respectively, 6 each at O(ǫ 3.5 ) and 10 each at O(ǫ 4.5 ), resulting in 6 additional Newtonian RR parameters, 12 additional 1PN RR parameters and 20 additional 2PN RR parameters, respectively. As discussed in detail in the following section, these numbers are very much tied up with the 'functional form' we assume for the ambiguous terms and in this section we follow IW in close detail. Equating time derivatives of the resulting generalized energy and angular momentum expressionsẼ * andJ * ( rather than only the conserved expressions) to the negative of the far-zone flux formulae and comparing them term by term one seeks to determine the extent to which one can deduce the 4.5PN reactive acceleration terms by the refined balance approach.
B. The 2PN RR computation and results
The above procedure is implemented order by order. All the computations were done with MAPLE [63] and independently checked by MATHEMATICA [64] . At the leading order, when the flux is given by the quadrupole equation, one deduces the 'Newtonian RR' or 2.5PN term in the acceleration. In this case, in addition to the 6 unknowns in the reactive acceleration, one has 3 unknowns each for the possible 2.5PN ambiguities in thẽ E * andJ * . As demonstrated in IW, the balance equations yield 12 constraints on these 12 Newtonian RR parameters. Of the 12 constraints, only 10 are linearly independent, and thus finally one obtains 10 linear inhomogeneous equations for 12 Newtonian radiation reaction variables. Solving these equations one obtains explicit forms for A 2.5 , B 2.5 andẼ 2.5 ,J 2.5 in terms of two 2.5PN arbitrary parameters. To get the 3.5PN reactive terms, one adopts the above solution and extends the calculation to O(ǫ 3.5 ) after introducingẼ 3.5 andJ 3.5 with 12 additional 1PN RR parameters. At 3.5PN there are 20 constraints on the 24 post-Newtonian radiation reaction parameters; of the 20 only 18 are linearly independent; the solution to this system yields explicit forms for A 3.5 , B 3.5 andẼ 3.5 ,J 3.5 in terms of six 3.5PN arbitrary parameters. Since we need these results for the present computation, we reproduce them from IW [65] .
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The quantities α 3 , β 2 , ξ 1 , ξ 2 , ξ 3 , ξ 4 , ξ 5 and ρ 5 are parameters that represent the unconstrained degrees of freedom that correspond to gauge transformations. In addition to the reactive terms listed above, one of the coefficients that determine the 2.5PN ambiguity inẼ andJ and three of the coefficients that determine the corresponding 3.5PN ambiguity are nonvanishing. We list these also since they are needed for setting up the 4.5PN computation:
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We now adopt the 2.5PN and 3.5PN solutions given by Eqs. (2.8), (2.9) and (2.10). Following the IW strategy, we assume the 4.5PN terms in the equations of motion to be of the form
11a)
We also assume for the ambiguity inẼ 4.5 andJ 4.5 the restrictions and functional forms adopted in IW and also require thatJ remain a pseudo-vector. The 'generalized' "energy" and "angular momentum" through 4.5PN are thus given as sums of the conserved parts Eqs. ( 2.5), the 'most general' 2.5PN and 3.5PN contributions -i.e., with coefficients determined by the Newtonian RR and 1PN RR calculations, and arbitrary 4.5PN terms. We useẼ * andJ * to distinguish these quantities from the conserved energy and angular momentum. We get (per unit reduced mass)
12b)
We now compute the 4.5PN terms in dẼ * /dt and dJ * /dt using the identities 1 2 ), respectively. On the other hand, for time derivatives of the 'ambiguity parts', (Ẽ 4.5 ,J 4.5 ), (Ẽ 3.5 ,J 3.5 ) and (Ẽ 2.5 ,J 2.5 ), the relevant accelerations are the 'conservative' accelerations to order Newtonian, post-Newtonian and second postNewtonian, respectively. Schematically, we get, consist of combinations of the parameters h i and k i from A 4.5 and B 4.5 , ψ i , χ i combined with functions of η fromẼ 4.5 andJ 4.5 , ξ 1 , ξ 2 , ξ 3 , ξ 4 , ξ 5 , ρ 5 combined with functions of η from 1PN corrections of 3.5PN terms and α 3 and β 2 combined with functions of η from 2PN corrections of 2.5PN terms. We equate dẼ * /dt and dJ * /dt thus obtained to the negative of the 2PN far-zone fluxes given by Eqs. (2.7). This results in 30 constraints on the 40 parameters h i , k i , ψ i and χ i . Two of these constraints being redundant, of the 30 constraints only 28 are linearly independent. The system of 28 linear inhomogeneous equations for 40 variables is therefore under-determined to the extent of 12 arbitrary parameters, and we choose these to be ψ 1 . . . ψ 9 , χ 6 , χ 8 and χ 9 . With this choice, the coefficients in Eq. ( 2.11 determining the 4.5PN reactive acceleration are given by
16a)
−2ψ 1 − 3ψ 2 + 3ψ 6 + 3χ 6 − 3χ 9 , (2.16c)
16d)
−2ψ 3 − 3ψ 6 + 3ψ 9 + 3χ 9 , (2.16e)
(2.16g) 2 ) + ξ 3 (14 + 9η) + 3ξ 5 (7 + 4η) − 2ψ 5 − 3ψ 9 , (2.16j)
16k)
16l)
16m)
16n)
16p)
16q)
16r)
At the 4.5PN order, 4 parameters determiningẼ 4.5 andJ 4.5 are non-vanishing and are given by
A final minor remark is with regard to the two possible ways one may implement the requirement that the ambiguity inJ * be a pseudovector. One may either choose it proportional tõ L N as in the treatment above or to the conserved angular momentumJ. At 2.5PN order both choices are identical. At the 3.5PN order, the two choices lead to an identical system of linear equations barring a translation in the values of ρ 3 and ρ 6 by an amount given by the coefficients of v 2 and m/r in J 1P N :
Since ρ 3 and ρ 6 are not among the arbitrary parameters determining the solution, the solution determining the reactive terms and ξ 6 is unchanged. Only the expressions for ρ 3 and ρ 6 are changed to
At 4.5PN order, however, the situation is different. Indeed, as before, the two choices lead to an identical system of linear equations barring a translation in the values of the five parameters χ 3 , χ 5 , χ 6 , χ 9 and χ 10 .
Consequently, in terms of the above 'shifted' variables, the solutions for the reactive accelerations are identical. As χ 6 and χ 9 are among the independent parameters that determine the reactive acceleration, in terms of χ 6 and χ 9 the two choices yield equivalent but different looking solutions for the 4.5PN reactive terms in the equations of motion. Of the two choices, the second choice is more convenient for calculations by hand since dJ/dt = 0 to O(ǫ 2 ), but has no special advantage when the calculation is done on a computer.
III. REDUNDANT EQUATIONS AND RELATED VARIANT SCHEMES
It was noticed in IW that both at the 2.5PN and at the 3.5PN order, the 'balance procedure' leads to two redundant constraint equations [29] . Here, at 4.5PN order, we once again obtain two redundant constraint equations. In this section, we examine critically the origin of these redundant equations.
In implementing the 'refined balance procedure' for the general orbits, IW [29] balance the 'energy flux' and 'angular momentum flux' completely independently of each other. However, for circular orbits, these fluxes are not independent but related [66] via:
whereJ is defined by the equation
The general balance should reflect this limit and we find that for Newtonian RR a linear combination of the 6 equations representing energy balance and another linear combination of the 6 equations representing angular momentum balance are indeed identical and given by:
Similarly at 3.5PN we have 2) and finally at 4.5PN order the 'degenerate' equation is
Thus we can trace the existence of one of the redundant equations in the IW procedure to the fact that for circular orbits the energy and angular momentum fluxes are not independent but proportional to each other. The mystery of the other redundant equation was not so easy to resolve but after a careful examination of the system of equations and 'experiments' in modifying the system, we could finally track it back to its source. The observation that this redundant equation relates the coefficients of the polynomial representing the ambiguity inJ led us to examine the functional form that IW proposed as the starting ansatz for the calculation. A comparison of the functional forms for the ambiguity inẼ andJ Eqs. ( (2.12)) reveals that indeed IW assume a more general possibility forJ than required. The ambiguity in angular momentum leads to terms more general than required by the far-zone flux formula and time derivative of the leading term using the reactive acceleration. The absence of such terms in the far-zone flux then yields only the trivial solution for these additional variables inJ, and the second redundant equation is just a homogeneous linear combination of these trivial solutions. Thus the second redundant equation in the IW scheme is due to the fact that the IW schemeextended here to 4.5PN order -is not a 'minimal' one.
To verify this 'conjecture' we experimented with alternatives for the functional form that one assumes as the starting expression for the ambiguity inẼ andJ -the 2.5PN, 3.5PN and 4.5PN order terms. In the first instance, we replace the IW scheme -labelled for clarity of reference by IW21 -by the 'minimal' variant in Eq. (2.12) -labelled by IW22. The notation IW21 indicates e.g., that (m/r) 2 is pulled out inẼ while only (m/r) 1 is pulled out inJ. As explained above, the minimal choice forJ * is obtained by pulling out the factor (8/5)ηL N (m/r) 2ṙ from arbitrary terms inJ * , rather than the factor (8/5)ηL N (m/r)ṙ as in the IW scheme forJ * . This reduces by one the order of the polynomial in v 2 ,ṙ 2 , and m/r that constitutes the arbitrariness, and consequently implies a reduction in the number of variables that characterise the ambiguity inJ to one forJ 2.5 , three inJ 3.5 and six inJ 4.5 . Thus in the IW22 scheme, at the 2.5PN level we have 6 variables in the reactive acceleration, 3 variables determining the energy ambiguityẼ 2.5 and 1 variable determining the ambiguity inJ 2.5 i.e., 10 variables in all. The balance equations lead to 9 equations -6 from energy and 3 from angular momentum -of which 8 are linearly independent. In other words, there is only one redundant equation. The linear system of 8 equations for 10 variables is then the same as before and leads to the IW21 solution in terms of 2 arbitrary parameters. (The two extra variables in IW21 are identically zero.) Similarly, at the 3.5PN level we have 12 variables in the reactive acceleration, 6 variables determining the energy ambiguitỹ E 3.5 and 3 variables determining the ambiguity inJ 3.5 , i.e., 21 variables in all. The balance equations lead to 16 equations -10 from energy and 6 from angular momentum -of which 15 are linearly independent, leaving only one redundant equation. The linear system of 15 equations for 21 variables is then the same as before and leads to the IW21 solution in terms of 6 arbitrary parameters. (The three extra variables in IW21 are identically zero.) Finally, at the 4.5PN level, we have 20 variables in the reactive acceleration, 10 variables determining the energy ambiguityẼ 4.5 and 6 variables determining the ambiguity inJ 4.5 , i.e., 36 variables in all. The balance equations lead to 25 -15 from energy and 10 from angular momentum -equations of which 24 are linearly independent, again leaving only one redundant equation. The linear system of 24 equations for 36 variables is the same as before and leads to the solution obtained in the previous section in terms of 12 arbitrary parameters. (The four extra variables in the IW21 scheme are identically zero.) The IW22 (minimal) scheme thus confirms the conjecture that the occurence of the second redundant equation is special to the IW scheme (IW21) and is related to the choice they make for the functional form of theJ ambiguity by pulling out only one factor of nonlinearity m/r rather than its square -the minimal choice. To double check the above explanation, we performed another experiment by examining a variant that would generate an increased number of redundant or degenerate equations. This scheme denoted by IW11 differs from IW21 in that the ambiguity inẼ * is assumed to have (8/5)η(m/r)ṙ as the common factor, i.e., by pulling out only one order of nonlinearity m/r rather than its square as in IW21; the polynomial representing the ambiguity inẼ is consequently of one order more than in IW21. In this case, at 2.5PN order one has 6+6+3 = 15 variables and 10+6 = 16 equations of which 3 are redundant. The 13 equations for 15 variables thus yield the required solution in terms of 2 arbitrary parameters and similarly for higher orders. One may also explore the most general of choices in which only (8/5)η is pulled outside and the ambiguity is the highest order polynomial consistent with the order of the approximation. We studied one such scheme (IW00) in the Newtonian RR case. For convenience, the various experiments are summarized in Table I. To conclude: at 2.5PN, 3.5PN and 4.5PN orders all variants of IW examined in this subsection with different forms of the ambiguities inẼ andJ -minimal (IW22) or IW11 -lead to identical reactive accelerations including their gauge arbitrariness.
At this juncture one may wonder about the issues of the 'uniqueness' and 'ambiguities' of the schemes discussed earlier. In this regard, we would like to make the following general remarks. For general orbits, in addition to the balance of energy one must take into account the balance of angular momentum. Thus, schemes involving only energy balance are not relevant except in special cases like 'circular orbits' and 'radial infall' (see section V). Can one have schemes where one implements both energy and angular momentum balance but does not take into account the possible ambiguities inẼ andJ? One can show that even at the 2.5PN level this system of equations is inconsistent! Further, is the ambiguity necessary both inẼ andJ ? If one examines a scheme with both energy and angular momentum balance taking account of the ambiguity only inẼ one does obtain a consistent solution upto 4.5PN order but with only half the number of arbitrary parameters as in the IW scheme. The reduced 'gauge' freedom is not adequate to treat as special cases the Burke-Thorne gauge at the 2.5PN level or the Blanchet choice at the 3.5PN level. And finally, in a scheme with both energy and angular momentum balance taking account of the ambiguity only inJ one obtains a consistent solution at 2.5PN order containing no arbitrary parameters at all. No solution is possible at higher orders.
On general considerations, the reactive acceleration should be a power series in the individual masses m 1 and m 2 or equivalently, it should be nonlinear in the total mass m as assumed in earlier sections. It is interesting to investigate whether the functional forms of the far-zone fluxes and the balance procedure necessarily lead to such 'physical' solutions alone or whether they are consistent with more general possibilities. In the Appendix, for mathematical completeness [67] we investigate this question in detail and prove that the flux formulas and balance equations do not constrain the reactive acceleration to their 'physical' forms alone but allow for a more general form for the reactive acceleration.
IV. ARBITRARINESS IN REACTIVE TERMS AND GAUGE CHOICE
It is well known that the formulas for the energy and angular momentum fluxes in the far-zone are gauge invariant, i.e., independent of the changes in the coordinate system that leave the spacetime asymptotically flat. On the other hand, the expressions for the reactive force are 'gauge dependent' and consequently e.g., the Chandrasekhar form is different from the Burke-Thorne or Damour-Deruelle forms. In IW it was shown that the Burke-Thorne gauge corresponds to the values β 2 = 4 and α 3 = 5, while the Damour-Deruelle choice corresponds to β 2 = −1 and α 3 = 0. It was further shown that the reactive acceleration implied by Blanchet's first principles determination of the 1PN radiation reaction indeed corresponds to a particular choice of the arbitrary parameters in the IW solution. One of the satisfactory aspects of IW was the demonstration that the part of the reactive acceleration not determined by the balance requirement was precisely related to the possible ambiguity in the choice of the gauge at that order. (The flux is equal to the time variation of the conserved quantities only upto total time derivatives; this ambiguity may be absorbed in a 'change' in the relative separation vector as discussed below.)
Following IW, we seek to establish the correspondence between the arbitrary parameters contained in the radiation reaction terms and the residual gauge freedom in the construction. The residual gauge freedom arises from the fact that the far-zone fluxes Eqs. ( 2.6), (2.7) are independent of changes in the coordinate system that leave the spacetime asymptotically flat. These coordinate changes will induce a change in x which is the difference between the centers of mass of the two bodies x 1 (t) and x 2 (t) at coordinate time t. Following IW, we choose the transformation to be of the form x → x ′ = x + δx, where δx can depend only on the two vectors x and v, δx = (f 2.5 + f 3.5 + f 4.5 )ṙx + (g 2.5 + g 3.5 + g 4.5 )rv .
(4.1)
In order that δx/x be O(ǫ 2.5 ), O(ǫ 3.5 ) and O(ǫ 4.5 ), f 2.5 and g 2.5 must be O(ǫ 2 ), f 3.5 and g 3.5 must be O(ǫ 3 ) and f 4.5 and g 4.5 must be O(ǫ 4 ). As for the other variables, the f 's and g's will also be polynomials in the variables m/r, v 2 andṙ 2 . As pointed out in [29] , we do not independently take into account changes in the coordinate time t since the v-dependent term in δx includes this contribution via x(t + δt) ∼ x(t) + vδt.
In [29] it was proved that to cancel the dependence on the two 2.5PN arbitrary parameters and the six 3.5PN arbitrary parameters, δx should be chosen such that
where P ab 's and Q ab 's are given by
3a)
3d)
We provisionally choose the 4.5PN part of δx to be of the form 
The gauge change generates reactive terms and the requirement that this change should cancel the dependence of the radiation-reaction terms on arbitrary parameters dictates that 
The above computation shows that as at the 3.5PN order the (12 parameter) arbitrariness in the 4.5PN radiation reaction formulas reflects the residual freedom that is available to one in the choice of a 4.5PN accurate 'gauge'. Every particular 4.5PN accurate radiation reaction formula should correspond to a particular choice of these 12 parameters.
V. PARTICULAR CASES: QUASI-CIRCULAR ORBITS AND HEAD-ON INFALL
In this section we specialise our solutions valid for general orbits to the particular case of quasi-circular orbits and radial infall and verify that they indeed reproduce the simpler reactive solutions one would obtain if one formulated the problem ab initio appropriate to these two special cases. We first consider the quasi-circular limit that is of immediate relevance to sources for the ground based interferometric gravitational wave detectors. In this particular case, the reactive acceleration may be deduced using only the energy balance. Using the reactive acceleration we compute the 4.5PN contribution toṙ andω. We also discuss the complementary case of the radial infall of two compact objects of arbitrary mass ratio and determine the 4.5PN contribution to the radial infall velocity for the two special cases: radial infall from infinity and radial infall with finite initial separation.
A. Quasi-circular inspiral
Using our general reactive solution we can compute the physically relevant quantitiesṙ andω for quasi-circular inspiral, where r and ω are the orbital separation and the orbital angular frequency in harmonic coordinates, respectively. As would be expected, these results are independent of the arbitrary parameters that are present in the reactive solution. We obtain the radiation reaction contribution to a upto 4.5PN for quasi-circular inspiral by settingṙ = 0 + O(ǫ 2.5 ) and using
in Eqs. (2.3), (2.8), (2.11) and (2.16). We get
It is worth noting that for quasi-circular inspiral the energy flux determines the reactive acceleration without any gauge ambiguity. All the arbitrary terms in energy are proportional toṙ and hence play no role in this instance. Inverting Eq. (5.1), we get
Differentiating Eq. (5.3) w.r.t t and noting that the a that appears is the total acceleration ( conservative + reactive) we get, after some rearrangemenṫ The results Eqs. (5.4) and (5.6) are in agreement with [43] as expected and required, suggesting that the reactive terms obtained here could be used to evolve orbits in the more general case also [68] .
B. Head-on infall
Recently Simone, Poisson and Will [55] have obtained to 2PN accuracy the gravitational wave energy flux produced during head-on infall and starting from these formulas one can deduce ab initio the reactive acceleration in this limit adapting IW to the radial infall case. As required, these results match exactly with expressions obtained by applying radial infall limits to the general orbit solutions and we summarize the relevant formulas in this limit in what follows. Equations representing the head-on infall can be obtained from the general orbit expressions by imposing the restrictions, x = zn, v =żn, r = z and v =ṙ =ż. For radial infall the conserved energy Eq. (2.5) to 2PN order then becomes
where γ = m/z. Unlike the quasi-circular inspiral, for head-on infall we can distinguish between two different cases. Following [55] we denote them by (A) and (B), respectively, and list the expressions relevant for our computations. In case (A), the radial infall proceeds from rest at infinite initial separation, E(z) = E(∞) = 0, and inverting Eq. (5.7) we geṫ
In case (B), the radial infall proceeds from rest at finite initial separation z 0 , which implies
We obtain as in case (A), an expression forż given bẏ 
We have also computed the 2PN reactive terms for cases (A) and (B) ab initio using the IW method adapted to radial infall. In this case, only energy balance is needed as J = 0 for head-on infall. We obtain the 4.5PN contribution toż 2 for case (A) by putting γ 0 = 0 in Eq. (5.13). Unlike in the case of quasi-circular inspiral the expressions in the head-on or radial infall cases are dependent on the choice of arbitrary variables or the choice of 'gauge'.
VI. CONCLUDING REMARKS
Starting from the 2PN accurate energy and angular momentum fluxes for structureless non-spinning compact binaries of arbitrary mass ratio moving on quasi-elliptical orbits we deduce the 4.5PN reactive terms in the equation of motion by an application of the IW method. The 4.5PN reactive terms are determined in terms of twelve arbitrary parameters which are associated with the possible residual choice of 'gauge' at this order. These general results could prove useful to studies of the evolution of the orbits. The limiting and complementary cases of circular orbits and head-on infall have also been examined.
We have systematically and critically explored different facets of the IW choice like the functional form of the reactive acceleration and provided a better understanding of the origin of redundant equations by studying variants obtained by modifying the functional forms of the ambiguities inẼ * andJ * . The main conclusions we arrive at by this analysis are
• In terms of the number of arbitrary parameters and the corresponding gauge transformations, the IW scheme exhibits remarkable stability for a variety of choices for the form of the ambiguity in energy and angular momentum. The different choices merely produce different numbers of degenerate equations. This indicates the essential validity and soundness of the scheme. These solutions are general enough to treat as special cases any particular solutions obtained from first principles in the future.
• Relaxing the requirement of nonlinearity in m or more precisely the power series behaviour in m 1 and m 2 permits mathematically more general solutions for the reactive accelerations involving more arbitrary parameters. Solutions more general than the ones discussed in the appendix, e.g., a solution involving 6 parameters at the Newtonian level, cannot be gauged away either by gauge transformations of the form discussed by IW or by more general gauge transformations that differ in their powers of nonlinearity (m/r dependence). However, none of these solutions are of 'physical' interest to describe the gravitational radiation reaction of two-body systems.
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i.e., it is determined by 12 reactive coefficients instead of the earlier 6. Recall that the nomenclature IW22, IW21 and IW11 refers to the functional forms chosen for the ambiguity in energy and angular momentum and we introduce similar notation EJ22, EJ21 and EJ11, respectively, in this appendix, where the acceleration has a more general form as given by Eq. (A1). With this form of the reactive acceleration, however, one gets e.g., in the EJ21 scheme at 2.5PNẼ * ≡Ẽ N +Ẽ 2.5
The derivatives ofẼ * andJ * with the new form of the reactive acceleration are given by
Using Eqs. (A2) and (A3) one can understand the counts of the various variables summarised in Table II. One can explain the new counts for the arbitrary parameters by comparing e.g., the EJ21 scheme with a general form for the reactive acceleration as in this section with the IW21 scheme with the restricted form for reactive acceleration as in section III. One has 6 extra variables and 4 extra equations. However one gains an extra equation because one of the degeneracies is lifted. The resulting 5 equations for 6 variables lead to an extra arbitrary parameter resulting in a 3 parameter solution in this instance. All the other entries in Table  II can be similarly understood by comparison of Tables I and II. The reactive solution resulting from the EJ22 scheme in this instance is exactly the same as the IW21 reactive solution discussed earlier. From the EJ21 scheme one obtains a solution with three arbitrary parameters given by
This construction can be generalised to 3.5PN and 4.5PN orders in which cases the number of arbitrary parameters are 8 and 15, respectively. The EJ11 and EJ00 schemes on the other hand lead to a solution with six arbitrary parameters at the 2.5PN level. However, not all these solutions are similar in regard to the possibility of gauging away all the arbitrary parameters they contain.
The 2.5PN gauge arbitrariness
We have also investigated the question whether all the extra arbitrary parameters appearing in schemes with the general form of reactive acceleration (See Table II .) can be gauged away? We find that at 2.5PN order, though this is possible with the 3 parameters of the EJ21 scheme, it is not true for the 6 arbitrary parameters in the EJ11 and EJ00 schemes. For this reason the EJ11 and EJ00 schemes are not satisfactory and we discuss them no further. We present here for the EJ21 scheme details of the gauge calculation at 2.5PN order. We choose δx to be
where f ′ 2.5 and g ′ 2.5 are given by
For the reactive acceleration given by Eqs. (A1) and (A4) we obtain
The EJ21 scheme leads to a more general solution to the balance equations, and as in IW all the arbitrary parameters that appear in its solution can be associated with a residual choice of gauge. It has been explored in detail upto 4.5PN and the results are summarised below. We list the new general reactive solutions and the corresponding gauge transformations for the arbitrary parameters they contain. For brevity, the solutions are presented in the form : 'New solution' = 'Old solution' + 'Difference'.
The 3.5PN and 4.5PN reactive solutions
The reactive acceleration is assumed to have the following general form
with A 2.5 and B 2.5 given in Eqs. (A1) and (A4) and A 3.5 , B 3.5 , A 4.5 and B 4.5 given by
consist of linear combinations of the parameters involved. The 4.5PN reactive solution reads as: 
In the above, the P ab and Q ab are given by Eqs. (4.3) and (4.6) of the text.
To conclude: the far-zone flux formulas and the balance equations by themselves do not constrain the reactive acceleration to be a power series in m 1 and m 2 , or equivalently nonlinear in the total mass m, as assumed in the paper, following IW. They are also consistent with the more general form of the reactive acceleration discussed in this appendix. Table I . In the NC column, a + b indicates that a constraints arise from energy balance and b from angular momentum balance. NV  NC  ND  NI  NA  EJ22  12+3+1  10+6  2  14  2  EJ21  12+3 +3  10+6  1  15  3  EJ11  12+6+3  10+6  1  15  6  EJ00  12+10+6  15+10  3  22  6 
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